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Abstract In this work we study the Dirac equation with
vector and scalar potentials in the spacetime generated by
a cosmic string. Using an approximation for the centrifu-
gal term, a solution for the radial differential equation is ob-
tained. We consider the scattering states under the Hulthén
potential and obtain the phase shifts. From the poles of the
scattering S-matrix the states energies are determined as well.
1 Introduction
To study the relativistic quantum dynamics of particles with
spin under the influence of electromagnetic fields in curved
spacetime we must consider the modified covariant form of
the Dirac equation (h¯ = c = 1) [1, 2]{
iγµ(x)
[
∂µ +Γµ(x)+ ieAµ(x)
]−M}ψ(x) = 0, (1)
where Aµ denotes the vector potential associated with the
electromagnetic field, Γµ(x) is the spinor affine connection
and γµ(x) are the Dirac matrices in the curved spacetime.
The γµ (x) matrices are constructed from the standard Dirac
matrices in Minkowski spacetime, which are written in terms
of local coordinates, and write them in terms of global co-
ordinates using the inverse vierbeins eµa (x) through the rela-
tion
γµ(x) = eµa (x)γ
a, (µ,a = 0,1,2,3), (2)
with γa =
(
γ0,γ i
)
being the standard gamma matrices. The
γµ(x) matrices also define the covariant Clifford algebra,
{γµ (x) ,γν(x)}= 2gµν (x) . (3)
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If we want the particle to interact with scalar potentials it
is more convenient to write the Dirac equation (1) in the
following form [3]:{
α i [pi− iΓi− eAi]+ eA0− iΓ0+βM
}
ψ(x) = Eψ(x), (4)
for i = 1,2,3, and then introduce the vector and scalar cou-
plings,
E→ E−V (r) , (5)
M→M+S (r) , (6)
respectively.
It is important to note that these couplings differ in the
manner how they are inserted into the Dirac equation. In
Ref. [4] it was shown how the vector coupling in (5) acts on
electron and positron states. As a result, the potential cou-
ples to the charge and a great number of physical phenomena
can be studied through the Dirac equation (1). For instance,
it is used to study the relativistic quantum motion of charged
spin-0 and spin-1/2 particles in the presence of a uniform
magnetic field and scalar potentials [5], to study the influ-
ence of topological defects on the spin current as well as the
spin Hall effect [6] and to investigate the role of the cosmic
string on spin current and Hall electric field [7]. On the other
hand, contrary to the coupling (5), the scalar coupling (6)
acts equally on particles and antiparticles. Namely, we can
add it directly to the mass term of the Dirac equation. The
most common interpretation known in the literature for this
coupling is that of a position-dependent effective mass [8].
This coupling has been used, for example, to study the prob-
lem of a relativistic particle with position-dependent mass in
the presence of a Coulomb and a scalar potential in the back-
ground spacetime generated by a cosmic string [9].
These couplings are also used to study various phys-
ical models by including interactions and then to investi-
gate their possible physical implications on system dynam-
ics. For example, the Aharonov–Bohm effect [10, 11], the
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2Dirac particle in a Morse potential [12, 13], the Dirac equa-
tion for an attractive Coulomb potential in supersymmet-
ric quantum mechanics [14], the Dirac equation with scalar
and vector potentials under the exact spin and pseudospin
symmetries limits [15–18] and particles interacting with the
Hulthén [19] and Rosen–Morse [20] potentials.
Among the most important problems that we can study
using the couplings (5) and (6), we refer to the scattering
problems. The scattering problems of quantum systems, i.e.,
the prediction of reaction probabilities when two objects col-
lide, provide us with a reliable understanding of the physical
system under investigation and they belong the most effec-
tive ways to study the structure of matter. Great parts of our
current theories are built on the basis of scattering experi-
ments. The best-known example of this claim is the atomic
nucleus. Scattering problems are among the most techni-
cally demanding problems in quantum physics. The under-
lying difficulty lies in the unbounded nature of the wave
function in these problems. The process of scattering of par-
ticles by potentials changes their wave function by introduc-
ing phase shifts. The study of these phase shifts allow us
to predict experimental observations from the fundamental
interactions postulated by the theory. These studies have al-
ready been done in nonrelativistic and relativistic quantum
mechanics [4, 21–26]. Nevertheless, the dominant part of
these scattering studies is limited to flat spacetime and the
cases regarding the curved spacetime are actually less fre-
quent. On the other hand, the dynamics of quantum mechan-
ics on curved spaces in the presence of topological defects
has attracted much attention in recent years [27–35].
In the present work, we are going to consider the scatter-
ing problem of the Dirac equation produced by the Huthén
potential in a cosmic string background. As will be showed,
due to the presence of the centrifugal term in the radial dif-
ferential equation, it cannot be solved in an exact manner.
An approximation is used in order to obtain an approximated
solution for the problem. The cosmic string is a linear defect
that changes the topology of the medium. This field has been
an appealing research field in the past years as not much is
known in comparison with the ordinary Dirac equation in
flat space [36–41]. From the field theory point of view, the
cosmic string can be viewed as a consequence of symmetry
breaking phase transition in the early Universe [42]. Until
now some problems have been investigated in curved space-
time including the one-electron atom problem [43–45]. The
dynamics of non-relativistic particles in curved spacetime is
considered in [29, 30, 46–50] as well.
This paper is organized as follows. In Sect. 2, we study
the covariant Dirac equation in the spacetimes generated by
a cosmic string in the presence of vector and scalar poten-
tials of electromagnetic field. We then find special cases of
the equation for equal and opposite scalar and vector poten-
tials. In Sect. 3, we consider the Dirac equation with the
Hulthén potential in the context of spin and pseudo-spin
symmetries and obtain the scattering solutions as well as the
phase shifts. In Sect. 4, we derive the scattering S-matrix
and from its poles we determine the bound state energies.
Finally, in Sect. 5, we present our conclusions.
2 Dirac equation in cosmic string background
The line element corresponding to the cosmic string space-
time [51, 52] is given, in spherical coordinates, by [53, 54]
ds2 =−dt2+ r2dθ 2+α2r2 sin2 θdϕ2, (7)
where t ∈ (−∞,∞), r ∈ [0,∞), θ ∈ [0,pi/2] and φ ∈ [0,2pi].
The α parameter in Eq. 7 is related to the linear mass µ¯ of
the string by α = 1−4µ¯ and it is defined in the range (0,1].
Now, in order to write the Dirac equation (4) in the cos-
mic string spacetime, we must rewrite the Dirac matrices in
terms of global coordinates. Additionally, we have to cal-
culate the affine spinorial connection (Γ0,Γi). The details of
this calculation can be found in [3, 24]. By using the wave
function decomposition in the form
ψ(x) = e−iEtχ (r,θ ,ϕ) , (8)
the Dirac equation in (4) can be written as
{
iαr∂r +
iαθ
r
∂θ +
i
αr sinθ
αϕ∂ϕ
+
i
2r
(
1− 1
α
)(
αr + cotθαθ
)
− γ0 [M+S(r)]+E−V (r)
}
χ(r,θ ,ϕ) = 0, (9)
where we have included a scalar M→M+S(r) and a vector
E → E −V (r) coupling. Now, assuming that the solutions
of Eq. (9) are of the form [45]
χ(r,θ ,ϕ) = r−(α−1)/2α (sinθ)−(α−1)/2α F(r)Θ(θ)Φ(ϕ),
(10)
we find the radial equation{
α˜r pr +
i
r
α˜rσ zκ(α)+V (r)+ [M+S(r)]σ z
}
Fn,κ(α)(r)
= EFn,κ(α)(r), (11)
with [45]
α˜r =
(
0 −i
i 0
)
, σ z =
(
1 0
0 −1
)
. (12)
3In Eq. (11), κ(α) represents the generalized spin–orbit oper-
ator in the spacetime of a cosmic string whose eigenvalues
are given by
κ(α) =±
[
j(α)+
1
2
]
=±
[
j+m
(
1
α
−1
)
+
1
2
]
, (13)
with j(α) representing the eigenvalues of the generalized to-
tal angular momentum operator. The operator κ(α) is given
by
σ zκ(α) = α˜ ·L(α)+1, (14)
where L(α) is the generalized angular momentum operator
in the spacetime of the cosmic string,
L2(α)Y
m(α)
`(α)
(θ ,ϕ) = `(α)
(
`(α)+1
)
Y
m(α)
`(α)
(θ ,ϕ), (15)
with Y
m(α)
`(α)
(θ ,ϕ) being the generalized spherical harmonics
and m(α) and `(α) not necessarily being integers. In partic-
ular m(α) = m/α , where m = 0,±1,±2, . . ., α ∈ (0,1] and
`(α)= n+m(α)= `+m(1/α−1), `= 0,1,2, . . . ,n−1. Here
` and m are, respectively, the orbital angular momentum
quantum number and the magnetic quantum number in the
flat space (i.e., for α = 1), and n is the principal quantum
number.
By choosing the radial wave function as [45]
F(r) =
1
r
(−i f (r)
g(r)
)
, (16)
we obtain the coupled equations
−i [E−M− (S+V )] f (r)+ dg(r)
dr
+
κ(α)
r
g(r) = 0, (17)
−i [E +M+S−V ]g(r)+ d f (r)
dr
+
κ(α)
r
f (r) = 0. (18)
Let us now consider the special case of S(r) = V (r) (exact
spin symmetry limit) and S(r) = −V (r) (exact pseudo-spin
symmetry limit). After elimination of one component in fa-
vor of the other, for S(r) =V (r), we have
− d
2 f (r)
dr2
+
[κ(α) (κ(α)−1)
r2
− (E−M−2V (r))(E +M)
]
f (r) = 0. (19)
Additionally, for the case S(r) =−V (r), we obtain
− d
2g(r)
dr2
+
[κ(α) (κ(α)+1)
r2
− (E +M−2V (r))(E−M)
]
g(r) = 0. (20)
Thus comparing Eqs. (19) and (20), we can see that the
solution for the case S(r) = −V (r), can be obtained from
the solution for the case S(r) = V (r) with the replacements
κ(α)−1→ κ(α)+1 and M→−M. Therefore we shall only
deal with the latter because the results for the former can
be obtained in a straightforward manner by using the above
replacements.
3 Scattering analysis
In this work, we are interested in considering the Hulthén
potential, which has remarkable applicabilities because of
its short-range nature. It should be noted that this potential
is a special case of the Eckert potential [55]. Therefore, we
are going to investigate scattering state solutions of the Dirac
equation in the presence of the Hulthén potential,
V (r) =−ξ ω
eωr−1 , (21)
where ω is the screening parameter and ξ is a positive con-
stant. When V (r) is used to describe atomic phenomena, ξ
is interpreted as Ze2, with Z the atomic number. In this step,
we want to evaluate phase shifts and normalization factor
for the pseudo-spin symmetry limit (i.e., S(r) =V (r)). Thus
inserting Eq. (21) into (19), we obtain[
− d
2
dr2
+
κ(α)(κ(α)−1)
r2
−2(E +M)ξ ωe
−ωr
1− e−ωr
]
f (r)
= k2 f (r), (22)
where k2 = E2 −M2. It is worthwhile to note here that,
for small values of ω , the Hulthén potential behaves like
the Coulomb potential, consequently Eq. (22) turns into the
Bessel equation [56–59]. In contrast with the Coulomb po-
tential, unfortunately, the Dirac equation for the Hulthén po-
tential cannot be solved analytically due to the presence of
the centrifugal term. In this manner, it is necessary to use
some approximation. Considering small values of ω , a com-
mon approximation for the centrifugal term is
1
r2
≈ ω
2e−ωr
(1− e−ωr)2 . (23)
The above approximation, as we shall see, leads us to a solv-
able differential equation [55, 60]. Therefore, by using the
approximation in Eq. (23), followed by the change of vari-
able y = 1− e−ωr, we can write the Eq. (22) in the form[
d2
dy2
− 1
1− y
d
dy
− κ(α)(κ(α)−1)
y2(1− y) +
η2
y(1− y)
+
ε2
(1− y)2
]
f (y) = 0, (24)
in which η2 = 2(E +M)ξ/ω and ε2 = k2/ω2. Equation
(24) can be turned into a well-known differential equation
if we choose
f (y) = yγ (1− y)ν h(y), (25)
4as the solutions, where ν and γ are arbitrary constants to be
determined. Therefore, substituting Eq. (25) into Eq. (24)
we obtain[
d2
dy2
+
2γ− (1+2ν+2γ)y
y(1− y)
d
dy
+
ν2+ ε2
(1− y)2
+
η2−2γν− γ2
y(1− y) +
γ(γ−1)−κ(α)(κ(α)−1)
y(1− y)2
]
h(y) = 0.
(26)
We determine the parameters ν and γ by imposing that the
coefficients of the terms 1/(1−y)2 and 1/[y(1−y)2] vanish
identically. In this manner, we have
ν =± ik
ω
, γ = κ(α) or γ = 1−κ(α). (27)
This set of parameters leads us to the same solution for Eq.
(26) and we are free to choose one set. Thus choosing ν =
ik/ω and γ = κ(α) this leads to{
y(1− y) d
2
dy2
+[η3− (1+η1+η2y] ddy −η1η2
}
h(y) = 0,
(28)
where
η1 = γ+ν+
√
η2+ν2 = κ(α)+
ik
ω
+
√
2(E +M)ξ
ω
− k
2
ω2
,
η2 = γ+ν−
√
η2+ν2 = κ(α)+
ik
ω
−
√
2(E +M)ξ
ω
− k
2
ω2
,
η3 = 2γ = 2κ(α). (29)
Equation (28), has the form of a hypergeometric differential
equation [44],
h(y) = 2F1(η1,η2,η3;y). (30)
Therefore, the radial wave functions can be written as
f (r) = N(1− e−ωr)`eikr2F1
(
η1,η2,η3;1− e−ωr
)
. (31)
Now, in order to obtain the scattering phase shift and the
normalization factor we write the asymptotic form of the
above wave function. For this purpose we use the properties
of the hypergeometric functions [61] and the asymptotic be-
havior of (31) to r→ ∞ [24]
f (r)∼ 2N [Γ (η3)]2
∣∣∣∣ Γ (η3−η1−η2)Γ (η3−η1)Γ (η3−η2)
∣∣∣∣ (32)
× sin
(
kr+
pi
2
+δ
)
, (33)
where N is a normalization constant. Recalling the boundary
condition for r→ ∞ imposed in Ref. [44] as
f (r)∼ 2sin
(
kr− `pi
2
+δ`
)
, (34)
and comparing with Eq. (33), the phase shift and the nor-
malization factor can be found. The result is
δ` =
pi
2
(`+1)+ arg
[
Γ (η3−η1−η2)
Γ (η3−η1)Γ (η3−η2)
]
, (35)
and
N =
1
[Γ (η3)]2
∣∣∣∣ Γ (η3−η1−η2)Γ (η3−η1)Γ (η3−η2)
∣∣∣∣ . (36)
It can be seen that when α = 1 the results are the same as
the Dirac equation in Minkowski spacetime. In this case, the
generalized spin–orbit operator in Eq. (13) reduces to
κ =±
(
j+
1
2
)
, (37)
where γ = κ . Therefore we can obtain the phase shifts and
the normalization factor in flat spacetime in this case if we
rewrite the Dirac equation in the flat spacetime by standard
Dirac matrices. As expected our result is the limit of Eqs.
(35) and (36) when α = 1.
4 Bound states analysis
The Hulthén potential also admits bound state solutions. In
order to find the bound states energies, let us analyze the
scattering S-matrix. It is well known that poles of the S-
matrix in the upper half of the complex plane are associated
with the bound states. Using Eq. (35), the S-matrix can be
written as
S` = e2iδ`
= eipi(`+1)e2iarg [Γ (η3−η1−η2)]
× e−2iarg [Γ (η3−η1)]e−2iarg [Γ (η3−η2)]. (38)
Therefore, the poles of the S-matrix are given by the poles
of the gamma functions Γ (η3−η1) and Γ (η3−η2). In this
manner, based on the relations η3−η2 = η∗1 , η3−η1 = η∗2
and η3−η2−η1 = (η1+η2−η3)∗= 2ik/ω , we are looking
for the poles of
Γ
(
κ(α)−
ik
ω
±
√
2(E +M)ξ
ω
− k
2
ω2
)
. (39)
The gamma function Γ (z) has poles at z = −n, where n is
a non-negative integer. Then the bound state energies are
given by
k2 ≡ E2−M2 =−
[
(n+κ(α))2ω−2(E +M)ξ
]2
4(n+κ(α))2
, (40)
whit n = 0,1,2, . . ..
55 Conclusion
In this work we considered the Dirac equation in curved
spacetime and the topology of spacetime in order to de-
scribe physics of the system in the presence of the gravi-
tational fields of a cosmic string. We obtained the solution
of the Dirac equation in the curved spacetime by consider-
ing vector and scalar potentials. We considered the scatter-
ing states of the Dirac equation under the Hulthén potential
and obtained as scattering phase shifts. From the poles of the
scattering S-matrix we determined the bound state energies.
When α = 1, we recover the general solution of the Dirac
equation in usual spherical coordinates, as we should.
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